Chapter 2

Problem 2.1

1. IT (2t +5) =11 (2 (t + %)) This indicates first we have to plot I1(2t) and then shift it to left
by % A plot is shown below:

IT(2t +5)
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2. > n_oA(t —n) is a sum of shifted triangular pulses. Note that the sum of the left and right
side of triangular pulses that are displaced by one unit of time is equal to 1, The plot is given
below

x2(t)

1
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3. It is obvious from the definition of sgn(t) that sgn(2t) = sgn(t). Therefore x3(t) = 0.

4. x4(t) is sinc(t) contracted by a factor of 10.
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Problem 2.2

1. x[n] = sinc(3n/9) = sinc(n/3).
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3. x[n]=4u_1(n/4) - (§ —Du_1(n/4-1). Forn <0, x[n] =0,for 0 <n <3, x[n] = § and

forn=4,xn]l=7-4+1=1.
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Problem 2.3
x1[n] =1 and x2[n] = cos(21tn) = 1, for all n. This shows that two signals can be different but
their sampled versions be the same.

Problem 2.4

Let x1[n] and x2[n] be two periodic signals with periods N; and N, respectively, and let N =
LCM(N1,N>), and define x[n] = x1[n]+x2[n]. Then obviously x1[n+N] = x1[n] and x[n+N] =
xp[n], and hence x[n] = x[n + N], i.e., x[n] is periodic with period N.

For continuous-time signals x1(t) and x> (t) with periods T; and T> respectively, in general we
cannot find a T such that T = k;T; = k>T» for integers k; and k». This is obvious for instance if
T, = 1 and T> = 1r. The necessary and sufficient condition for the sum to be periodic is that % be a
rational number.

Problem 2.5
Using the result of problem 2.4 we have:

1. The frequencies are 2000 and 5500, their ratio (and therefore the ratio of the periods) is
rational, hence the sum is periodic.

2. The frequencies are 2000 and @. Their ratio is not rational, hence the sum is not periodic.

3. The sum of two periodic discrete-time signal is periodic.



4. The fist signal is periodic but cos[11000n] is not periodic, since there is no N such that
cos[11000(n + N)] = cos(11000n) for all n. Therefore the sum cannot be periodic.

Problem 2.6

D
et t>0 et t>0
x1(t) =7 —et t<0 = x1(-t) = el t<0 =-x1(t)
0 =0 0 t=0

Thus, x1(t) is an odd signal

2) x2(t) = cos (1201Tt + %) is neither even nor odd. We have cos (120Tl’t + %) = cos (%) cos(12071rt)—
sin (%) sin(1207rt). Therefore x2.(t) = cos (%) cos(1207rt) and x2,(t) = — sin(% sin(1207tt).
(Note: This part can also be considered as a special case of part 7 of this problem)

3)

~—

x3(t) = e = x3(—t) = 710 = eIt = x3(t)

Hence, the signal x3(t) is even.

4)
t t=0 0 t=0
xX4(t) = = x4(-t) =
0 t<O0 -t t<0

The signal x4(t) is neither even nor odd. The even part of the signal is

t
X4(t) +x4(—t 5 t=0 t
Xaeo(t) = 4(t) S a(=t) _ Et :|2|
5 t<0
The odd part is
t
x4(t) — x4(—t 5 t=0 t
Xao(t) = 4(t) 24( ) _ f -2
5 t<0

5)
x5(t) = x1(t) — x2(t) = x5(—t) = x1(—t) — x2(=t) = x1(t) + x2(t)

Clearly x5(—t) + x5(t) since otherwise x»>(t) = 0 Vt. Similarly x5(—t) + —x5(t) since otherwise
x1(t) = 0 Vt. The even and the odd parts of x5(t) are given by

Xs5(t) + x5(=t) _
2

t) - —t
x50 =30

Xs5,e(t) x1(t)

Xs5,0(t)




Problem 2.7
For the first two questions we will need the integral I = [ e%X cos? xdx.

1 1 1 .
I = = Jcos2 X de®™ = Ze% cos? x + — J e sin2x dx
a a a
1 1 .
= —e%cosx + — | sin2x de?*
a a
2

1 1 . 2
= —e*™™cos-x + —Ze“" sin2x — — e cos2x dx
a a a

1 1 . 2
= —e% cos?x + —=e™sin2x — — | e (2cos? x — 1) dx
a a? a?

1 1 . 2 4
= —e™cos®x + —e?sin2x — — | e dx - =1
a a a a

Thus,
I= 1 [(acos x +sin2x) + 2} ax
4+a? a
1)
7 7
Ey = lim J x2(t)dx = lim |~ e %' cos? tdt
T— o ,I T—o JO

NS

_ -2t
= 115{}08[( 2 cos? t-l—stt)—l]

0
1 T 3
= 1 —[—2 2 4+sinT -1 ‘T+3]=—
im 3 (—2cos > sin e 3
Thus x1 (t) is an energy-type signal and the energy content is 3/8
2)
T
Ey = hm J x3(t)dx = hm ., e 2l cos? tdt
-7 -7
0 z
= lim J e 2t cos? tdt + J e 2t cos? tdt
T—o00 7% 0
But,
0 1 0
lim e %tcos’tdt = lim = [(—2 cos?t + sin2t) — 1] e 2t
T—o0 7% T-o 8 7%

_ lim & [—3 + (2 cos? LA sinT)eT] = o
T—o0 8 2
since 2 + cos 0 + sin 0 > 0. Thus, Ex = o since as we have seen from the first question the second
integral is bounded. Hence, the signal x>(t) is not an energy-type signal. To test if x»(t) is a
power-type signal we find P,.
T
2

Py = hm TJ re tcos? dt + hm TJ tcos? dt
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T
But lim7_« 7 [ e 2! cos? dt is zero and

lim L [2 cos? T +1+ sinT] el

lim TJ tcos? dt 5

T—o0 % T—o0o 8T

> hmle >hm—(1+T+T2)>hmT—oo
T T— T—

T— o0

Thus the signal x> (t) is not a power-type signal.

3)
T
E, = hm J__ x3(t)dx = hm J ;580 2(t)dt = hm _2_ dt = }1{1010 T =00
T 2
Py = liml sgn(t)dt—hm1 7(:lt—hmlT—l
T—oo T 7% T -5 T—oo T

The signal x3(t) is of the power-type and the power content is 1.

4)
First note that

hmJ Acos2mft)dt = Z AJ 1cos(ZTrft)dt:O
k=—o00

so that
T
lim A2 cos’(2mrft)dt

T—o 2

T
}im ; (A% + A% cos(2m2ft))dt

_r
2
T

= lim = L[ AZdt = hm 1A2
T— o0 2 T—o0 2

N

T
Ex = lim : (A% cos® (2T f1t) + B% cos® (2T fot) + 2AB cos (2T fit) cos(2T fot))dt

T—-o0 J)_

N,
NS

; B? cos® (2t fot)dt +

2

= }im A2 cos>(2mfit)dt + hmJ

S

7
AB lim J LLcos? 2T (f1 + f2) + cos® (2T (f1 — f2)]dt
—w )1
= o0+ +0=o00
Thus the signal is not of the energy-type. To test if the signal is of the power-type we consider two

cases f1 = f» and f1 # f». In the first case

T
P, = limjl, (A+B)2cos (2 f1)dt

T—o -3

T
_ L 2 _ 1 2
= hfl}o 2T(A+B) %dt (A+B)



If f1 + f> then

N~

P, = }im T J A% cos® (21T f1t) + B? cos® (2T fot) + 2AB cos (2T fit) cos(2Tt fot))dt
_ m L £+BZ_T _Ar B
T TeeT| 2 2 | 2 2

Thus the signal is of the power-type and if fi = f> the power content is (A + B)?/2 whereas if
f1 # f» the power content is 1 (A2 + B?)

Problem 2.8

1. Let x(t) = 2A (%) — A(t), then x;(t) = X,/__ x(t — 4n). First we plot x(t) then by shifting
it by multiples of 4 we can plot x;(t). x(t) is a triangular pulse of width 4 and height 2
from which a standard triangular pulse of width 1 and height 1 is subtracted. The result is a
trapezoidal pulse, which when replicated at intervals of 4 gives the plot of x1(t).

x1(t)

-6 -2 2 6

2. This is the sum of two periodic signals with periods 27 and 1. Since the ratio of the two
periods is not rational the sum is not periodic (by the result of problem 2.4)

3. sin[n] is not periodic. There is no integer N such that sin[n + N] = sin[n] for all n.

Problem 2.9
1)

T
Py = hm T,[ A? ‘eJ(Z"fo”e) dt = hm T Azdt = lim ;,AZT A?

T— o0 T— o

Thus x (t) = Ae/mfot+0) i5 3 power-type signal and its power content is A2.

2)

T a2

1 (2 A
’ B .
Py = 11{101o TJ A% cos® (2Tt fot + 0) dt = hm TJ —dt+}1£r(}o T o > cos(4rr fot + 20) dt

As T — oo, the there will be no contribution by the second integral. Thus the signal is a power-type
2
signal and its power content is AT.



3)

T T
1 (2 1 (2 1T 1
P =lim—J u?,(t)dt = lim = | " dt = lim == = =
x T—oo T ’TT _1() T—oo T 0 T—oo T 2 2

Thus the unit step signal is a power-type signal and its power content is 1/2

4)
T/2

T—c0 0

. % 2 . % 2,1 . 2,1
E, = hmJ x“(t)dt = lim Ket™2dt = lim 2K“t?2
T—o00 ’TT T—o JO
- lim VZK2T? = oo

Thus the signal is not an energy-type signal.

T T
2 Zz
Py = lim lj x2(t)dt = lim 1 K2t~ 2dt
T—oo T _TT T-o T Jo
R P N R I . ool
= lim =2K°t2 = lim =2K?%(T/2)2 = lim v2K°T 2 =0
T—oo T 0 T—o T T— o

Since Py is not bounded away from zero it follows by definition that the signal is not of the power-
type (recall that power-type signals should satisfy 0 < Py < o).

Problem 2.10

t+1, -1=<t=<0 1 t>0
At)=4 -t+1, 0<t<1 u_1(t)=4 1/2 t=0
0, 0.W. 0 t<O

Thus, the signal x(t) = A(t)u_1(t) is given by

0 t<0 0 t<-1
1/2 t=0 t+1 -1<t<0
x(t) = = x(-t) =
-t+1 O0=<t=<l1 1/2 t=0
0 t>1 0 t>0

The even and the odd part of x(t) are given by
x(t) +x(=t) 1

Xe(t) = 5 _EA(t)
( 0 t<-1
%‘1 -1<t<0
Xo(t) = M: 0 t=0
L o<t<1
0 1<t
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Problem 2.11
1) Suppose that

x(t) = xk(t) + xL(t) = x2(t) + x2(t)

with x} (t), x2(t) even signals and x} (t), x} (t) odd signals. Then, x(—t) = x}(t) — xA(t) so that

1 _ox(t) +x(=t)
CoxZ(t) + x3(t) + x2(=t) + x2(~t)
B 2
2 204) _ A2
_ 2x5 (1) +x;(t) x5(t) _ xg(t)

Thus x} (t) = x2(t) and x}(t) = x(t) — x} (t) = x(t) — x2(t) = x2(t)
2) Let x}(t), x2(t) be two even signals and x}(t), x3(t) be two odd signals. Then,

y(t) =x t)x2(t) = y(-t) =xt(-t)x2(-t) = x (t)x2(t) = y(t)
z(t) = x (t)x3(t) = z(-t) = x (-t)x3(~t) = (—x2 () (=x3(t)) = z(t)

Thus the product of two even or odd signals is an even signal. For v (t) = x}(t)x/ (t) we have
V(=) = x5 (—D)xp(=1) = x; (1) (x5 (1)) = x5 (1) x5 (t) = —v(t)
Thus the product of an even and an odd signal is an odd signal.

2
3) One trivial example is t + 1 and tt+_1

Problem 2.12
1) x1(t) =T11(t) + II(—t). The signal I1(t) is even so that x(t) = 2I1(t)

11



2)

0, t<-1/2
1/4, t=-1/2
t+1, -1/2<t=<0
-t+1, 0<t<1/2
1/4, t=1/2

0, 1/2<t

x2(t) = A(t) - TI(t) = A

AN
e

[ J
l
[ J

N|—
N =

3) x3(t) = Xp-_ At = 2n)

5) x5(t) = sinc(t)sgn(t). Note that x5(0) = 0.
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Problem 2.13
1) The value of the expression sinc(t)d(t) can be found by examining its effect on a function ¢ (t)
through the integral

J ¢ (t)sinc(t)o(t) = ¢p(0)sinc(0) = sinc(O)J d(t)o(t)
Thus sinc(t)6(t) has the same effect as the function sinc(0)6(t) and we conclude that

x1(t) = sinc(t)6(t) = sinc(0)6(t) = 6(t)
2) sinc(t)6(t — 3) = sinc(3)6(t —3) = 0.

3)

x3(t)

A(t) * > 8(t-2n)

n=—oo

- v Jw A(t - T)6(T - 2n)dT

N=—o00

= > Jw A(T - 1)8(T - 2n)dT

N=—o00

= > Alt-2n)

N=—o00

13



