
2.5 Use the weak statement formulation to find solutions to the equation 

dx" 

w(0) = 0, 

= 1, 0 < j c < l 

du 

dx 

(a) Using linear interpolation functions, as explained in Section 2.3, use (i) one 

element and (ii) two elements. 

(b) Using simple polynomial functions that satisfy the boundary conditions at the left-

hand side, i.e., 

( i ) u(x) = a\x, hence ^ i ( x ) = W\{x) = x 

( i i ) u{x) = (afix+a2X^, hence (f>\{x) = Wx{x) = x, 

(l>2{x)=W2ix)-^x\ 

(c) Using circular functions that satisfy the boundary conditions at the left-hand side, 

i.e., 

( i ) u{x) = a/ sin (n/2Lx) 

( i i ) u{x) = «y sin (n/2Lx) +aa2 sin (3n/2Lx) 

(d) Find the analytical solution and compare with results from (a), (b) and (c) . 

Solution 

a) The residual function is ]^(u^x) = ^ +1 The weak form after integration by parts is 
dx^ 

f dW du ^ 
dx-

du 
+ W dx- -W — 

Jo ^ dx dx J dx 
= 0 

i) 

One element solution 
u{x) = ( l - x ) ^ ! +X<32 

j ; [ - 1 \\dx< dx-' 
0 0 

[ - 1 \\dx< dx-' . — < 
> 

1 _ 
[ - 1 \\dx< 

J O 1 0 

Integrating 

flf] -<22 = - 1 / 2 
—a^^ + ^2 = 1 / 2 since a | = 0 then a 2 = l / 2 or u(x) = x/2 



Two element solution. Element 1: 

H / 2 ~-2~ 
[ - 2 2]dx\

rl /2 ~l-2x~ 0] ol " 2 - 2 " - 1 / 4 
[ - 2 2]dx\ > + dx-< > — < > or < > 

.0 _ 2 _ [^2 J 0 _ 2 x _ oj OJ _-2 2 _ - 1 / 4 

Element 2 

^ 2 = 2 ( l - x ) ^ 3 - 2 ( x - l / 2 ) 

r - 9 i 
- 2 2]dx 

1/2 

- 2 

2 a-, 1/2 

2 ( 1 - x ) 

2 ( x - l / 2 ) J 

Assemble 

dx-

the 

> or 
2 - 2 

- 2 2 
^2 

«3 

- 1 / 4 

3 / 4 

elements 

" 2 - 2 0 " -1 /4^ 

- 2 4 - 2 < «2 - 1 / 2 > 

0 - 2 2 _ 3 / 4 

> since a^^Q weget a2=ll^ and a^=lf2 

u(x) = 3 x - l 

x / 4 0 < x < l / 2 

l / 2 < x < l 

b) 

Using polynomials 

i ) 

^ j = x u[x) = a^x 

(la^ + x)dx-l = 0 , a^=\l2 , i / ( x ) = x / 2 , same as using one element. 

i i ) 

^ i - x , (l>2=x^ ' u{x) = a^x + a2X^ 

For W = ^ | r [1 • (<3i + 2«2^) + - 1 = 0 

r i r 
For W=^2 Jo • ( a , + 2a2x) + x^ k/x - 1 = 0 

The system becomes 

^1 +^2 = 1 / 2 

4 
a i + —^9 = 2 / 3 or 

c) 

a = 0 , ^2 = 1 / 2 <3«(i w(x) = X ^ / 2 



Using circular functions 

i ) 

^ } = sin — X 
v2 J 

, u {x) = ai sin — X 
v2 y 

, d>\ — cos 
^ 2 

— X 
V 2 y 

^ 2 — f l j cos ;7r 
— X 
2 

+ sm — X 
v2 y 

t i6c-sin — X 
v 2 / 

- 0 
0 

Use the identities 2 1 cos axdx = — (sin ax cos ax - ax) and 
2a 

• • sin 
V 

n 
— X 
2 

cos 

8 ; T 

— X 
v 2 , 

1 / 

+ 
0 ^ 

2 
cos 

n 
— X 

V2 )) 
- s m — X 

v 2 y 

du 

dx 

2 7t 
sin — X cos — X 

U J ;r l2 j 
.Thei 

= 0 or 

hence a, » 0.295 and M ( X ) = 0.295 sin — X 
V 2 J 

i i ) 

^ 2 = sm 

For r = ̂  : 

For r = 2̂ : 

X 

d) 

^ 2 

f3^ sin — X + A T sin X sin 
l2 y I 2 j 

cos 

3 — c o s 

— X 
V 2 y 

flj cos 
V 

— X 
v2 y 

+ <3r2 cos X + sin 

3 — X 
2 

^1 cos 
V 

+ 2̂ cos 
3;r 

— X 
v 2 y 

( ir -s in •X 

J J 
+ sin 

3;7-
•X 

2 

( ir-sin 
/ 

V 

dx 
- 0 

0 

3;r \du 
— X 

1 

J dx 

2 
— flfj + 0 • (32 H 1 = 0 (aj is unchanged) 
8 n 

97r^ 2 
0-a , + — + 1 = 0 . fl2~-0-109 and 

^ 8 ^ 3;r ^ 

w ( x ) « 0.295 sin - 0 . 1 0 9 s i n — X 
v2 y 

Analytical 

3;r 

X 

solution 

-.2 
= 1 , integrating w(x) = — + CjX + C 2 and applying boundary conditions u ( x ) = 



Notice that all the approximations are exact at x = 1/2, and the Galerkin approximations using x 

2 
and X both yield the exact solution. Also notice that the boundary condition at x = 1 is satisfied 

only approximately. In case a), the first solution gives ^ 
dx 

_ i . and the second solution gives 
2 

du 

dx JC-l 

_ ^ which is getting better.This point is discussed in more detail in problem 2.6. 
4 


